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In [1]; Novozhilov and Kadashevich proposed a two-dimensional dynamical
model which facilitates the description of behavior of an anisotropic
strain-hardening material [2,3]. The ideas of [1] can be utilized for
construction of & large class of models of continuous media.

On the basis of an appropriate two-dimensional dynamical model, we
shall consider the relations determining perfectly plastic flow of a
material in which (according to the terminology of Novozhilov and
Kadashevich) residual microstresses develop.

1. For a group of materials, the relation between the shear stress 7
and the shear deformation y can be adequately described by a diagram
shown in Fig. 1 (in the following, only rigid-plastic materials will be
considered). It is essential that, in this case,

the yield stress 7 = k; (point 4 in Fig. 1) and 1 B c
the flow stress T = m (point B in Fig. 1) do not {,"ﬂu
coincide. The segment AB (k1 < 1 < m) character- Al
izes hardening of the material and, in general, it 1 o
is nonlinear, At + = m, a perfectly plastic flow X
develops.

I

We shall consider the behavior of the material Fig. 1.

in the perfectly plastic flow (segment BC in

Fig. 1). In our case, not as in the usual formula-

tion of the theory of rigid-perfectly-plastic solids [4], several
different approaches to the construction of the theory are possible.

1f the hardening solid remains isotropic, the relations of the
perfectly plastic flow have the usual form [4). In the case of aniso-
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tropic hardening, the characteristic properties of perfectly plastic
flow are influenced by the arising residual microstresses. For simpli-
city, we shall consider the case of an ideal Bauschinger effect.

We shall consider first a one-dimensional model (Fig. 2a) consisting
of two elements with solid friction connected with a spring. Denoting by
k, and k, the limiting frictional forces of the first and the second
element, respectively, the relation between the traction T and the dis-
placement g is given in Fig. 2b. The nonlinearity on the segment AB can
be obtained by assuming a nonlinear characteristic of the spring. The
corresponding two-dimensional model is shown in Fig. 3.

It is obvious that the behavior of the models is essentially influ-
enced by the forces in the springs aa; and bb; (Fig. 3). These forces
correspond to microstresses in a continuous
solid. The case in which the forces in the
springs aa; and bb, do not exceed the force
of solid friction in the element 2 has been

consider a perfectly plastic flow at which the forces in the springs aa

77 g considered in [1]. In this paper, we shall
n 8 c
K
’ A _IXQM T, a o U'Lﬁ
AN b L

| z ; b
_L__/ 2 d b
Fig. 2. Fig. 3. Fig. 4.

1

and bb; are large enough to overcome the resistance of solid friction in
the element 2,

We denote by T and T, the external forces, and by s; and s,, the
forces in the springs ea; and bb,. We assume that the forces T and s
are such that the elements I and 2 acquire increments of displacement.

In Fig. 4, the initial position of the element I is represented by the
point o and the subsequent position, by the point o,. The element 2 moves
from the position acb into the position a,b,c,. The following conditions
should be satisfied:

(I3 — 8 + (T3 — 8)° = k¢ (1.1)

17 A 5% == Loy (1.2)
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We denote now the displacement of the element f by q;, G, and the dis-
placement of the element 2 by r|, r,. From Fig. 4 we have of = A7,
o,f = 8qy, cd = Ar, ¢id = Ar,.

The elastic constants of the springs aa; and bb, will be denoted by
1/¢ and, thus,

Algr — ) = clsy,  Algy — ry) = cAs, (1.3}

The displacements of the elements I and 2 coincide with the directions
of acting forces; therefore
Agy Ty— 8 Ary 5 N
R = T w (1.4)
The relations (1.1) - (1.4) allow for investigation of the behavior of
the system shown in Fig. 4. It is necessary to point out the qualitative
character of these considerations and to warn against any far going
analogies between the behavior of the dynamical model and the behavior
of a continuous medium. We do not consider, for instance, rotations of
the element 2, and related effects, as they are immaterial for the
following discussion.

Certain aspects of perfectly plastic flow can be conveniently illus-
trated, in this case, with kinematical models [5]. For an anisotropic
hardening material with the ideal Bauschinger effect, a model can be
used in the form of a circular frame moving in the
plane under the action of the pivot 4 if there is
no friction between the pivot and the frame (Fig.
5). The point O represents the initial center of
the frame and the point O, a subsequent center of
the frame. The distance A O corresponds to
stresses, and the distance 0O, corresponds to
deformations.

In our case, the corresponding kinematical
model is the following. We take two circles which
are concentric in the initial state. One of thenm
is moving under the action of the pivot A. This
same circle has in its center the pivot ()| acting upon the second circle.
There is no friction between the pivots and the circles. The point O is
the initial center of both circles (corresponding to the natural state),
the point O, is the center of the first circle, and the point 0, is the
center of the second circle (Fig. 6).

The distance A0, corresponds to stresses, 0,0, corresponds to micro-
stresses, and 0O, corresponds to deformations.
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We note that at a developed flow whose loading path approaches a
straight line, the points 4, 0, O, tend to occupy positions also on a
straight line.

2. Using dynamical analogies we interpret forces as stresses and dis-
placements as deformations.

We denote by o, . the tensor of actual stresses {corresponding to the
forces T} by i the tensor of microstresses {corresponding to the
forces t.), by e, . the tensor of actual strains
(corresponding to the displacements 7. of the
element 1), and by x,. the tensor of internal
microstrains {corresponding to the displace-
ments r. of the element 2). Deviators of these

3
tensors are denoted by dashes above the symbols.

The components of the stress tensor Tij
satisfy the equations of egquilibrium o 0;
the components of the strain tensor e can be
expressed in terms of the components Q£ dis-
placement e;j = 1;2(“i,j + 3.

#

;g
The behavior of the material in the case of microstresses s;. which
are unable to exceed the resistance of solid friction in the correspond-
ing elements {the element 2 in Fig. 2a) is described by the equations of
the theory of anisotropic hardening and it has been investigated in the
papers [1-3} and others. Here, we shall consider the equations of the

perfectly plastic flow; the stresses o, and s, being such that
resistance of solid friction in both elements 1s overcome.

We write the flow conditions in the form
frlog —sg) =k [alsy) = ke 2.1)
Consider now the expressions for the increments of the works
dAy == oydey;,  ddy = syt (2.2)

Assuming that the expressions dA; and dA, are stationary at the re-
spective conditions (2.1), we determine the flow rule considering the
expressions (2.1) as plastic potentials

dey; = dh, §§~, dwi; ::éfkggg% (2.3

3,5 3
where dA; and dA, are certain proportionality factors.

We note that it would have been possible to start from the expression
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for the work dAlz = (Ui' - si’)deij' The final relations would have been

obtained unaltered, since a{cij - sij)/agij = 1 and, consequently,

oh __ ofx
96,5 d (6; — s35)

Using the assumption concerning the nature of microstresses, we obtain

d (ei,-' — ‘K«ﬁ') = cdsij (24)

where ¢ may be considered as a function of the invariants of the tensor
s;; and even the tensors o, 9ii = Sij Generally speaking, it is
necessary to add also the condition

e —% = Ks (2.3)

where e, x, s are the first invariants of the respective tensors, and
the quantity K may be considered as a function of the invariants of the
stress tensors.

If the functions f, and f, do not depend on the first invariants of
the tensors o;; ~ s, and s, respectively, then it follows from (2.3) that

’ J 7, .
e..=e..', K, = e =% =0. Since s # 0, then K = =,

ij = Cij o Rij T N
3. We shall consider now the case of plane strain. We assume that the

flow conditions (2.1) do not depend on the third invariants of the

deviators of stresses Oy and Sije

Taking e, = k, = 0, we obtain the flow conditions

[(ox — 8z} — {0y — sy) P + 4 (Toy — 8xy)* = &K1 3.9
(sx — 8)? + 4s.2y = 4k} (3.2)

The flow rule can be written in the form

de de de

x . ¥ — xy
(6, — 8, — (cy _— sy) - (Gy . sy) — (cx — 8.} - 2 (Txy — qu) (3.3)
dan. dzx dx.
x v Xy
S — Sy - 8y — 8y - 254y (3.4)

We rewrite the conditions (2.4) in the form

d(ex —xx):‘“%“d(sx — Sy, diey —%y) —_—%(sv..._ Sx)

d (exy— %xy) = CdSyxy {3.9)
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Considering, for simplicity, that ¢ = const and assuming that in the
initial state all the components of stress and strain are equal to zero,
we obtain from (3.5)

ey — A =—;— (sx — s, ey — %y =—-62-— {5y — 50 8y — My = CSxy
(3.6)
The conditions {3.1) and (3.2) will be satisfied with
Or = o -+ k; cos 20 + sy, Sz = § + ky cos 29
oy = o — k; cos 28 + s, sy = s — ky cos 2¢ (3.7
Tay = Ky sin 28 + sqy, Sxy = ky sin 2¢

It follows from (3.7)
Ox =0 + kycos 20 4 ky cos 2¢9, o, =0 — k; cos 20 — k, cos 2¢
Tey = ky sin 28 -+ k, sin 29 (0 =5(0: +0,)=0+3s (3.8

The conditions (3.3) and {3.4) assume the form

de, sin 26 — deyy cos 26 = 0, de, + dey = 0 (3.9)
dx, ein 2 — dxyy cos 29 = 0,  dxu, + duy = 0 (3.10)

From (3.5) we obtain

d{ex — %2) = — 2cky sin 29dy,  d (exy, — %xy) = — 2¢ck, cos 29dY (3.11)
Eliminating the quantity dKij from (3.10) and (3.11), we find
de, sin 2¢ — deyy cos 29 = — 2ck,dy (3.12)

In all the relations derived above, the expressions de . and dy deter-
mine the increments of the corresponding components depending on a time
parameter. Dividing these expressions by dt, we can obtain the rates of
the corresponding quantities. In the following, we shall use the Eulerian
description. We denote by e, the tensor of deformation-rate and by u and
v the components of velocity along the axes x and y, respectively. We
note that

dp oy dp oy
Frall i i e i ik

Substituting the Expressions (3.7) into the equations of equilibrium,
we obtain
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29— 2kysin20 % 4 2k, cos zeﬂ’- — 2y sin 29 P 4 2ycos 29 = 0
(3.13)
»«—+2k1c0529-—-—{—2151511129——-}—21:200521;3 2kzsmzxp—"i =0

It is necessary to add also Equations (3.9)

(5 — 57)sin26 — (5 + 52) cos 26 =0, it =0 (314

and, finally, Equation (3.12)

(3: 32)51“2“’ ( + % )cos2xb—--4ck2d“’ (3.15)

We note that the system of five equations (3.13) - (3.15) contains
five unknowns: o, 8, y, u, v. Denoting by x(x, y, t) = 0 the equation of
the characteristic surface, we obtain the characteristic determinant of
this system of equations in the form

ax %l €08 26 4 2y.%y sin 20 cos 28 — 2 cos 26) = 0 (3.16
di v
~ 9 oy
(Xx =2 Xv= dy)

Consequently, the system (3.13) - (3.15) is always of the hyperbolic
type. In the plane xy, we have the orthogonal characteristics

()= o3 617

The relations (3.13) assume the following form along the character-
istics

fr- ez Spona o]

(3.18)
+2"’1an +zk,[ sin2 (v — 0) + 2& cosz(xp—-e)]——o
where d€ and dn denote arc elements along the characteristics.
The relations (3.14) imply that along the characteristics the
Geiringer relations are valid (4]
dll —Vds =0, dV +Uds =0 (3.19)

where U and V denote the components of velocity along the characteristics.
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We shall indicate a series of particular cases. If the yield point
and the flow point coincide, k; = m (k, = 0), then (3.14) and (3.15)
imply 8 =y, and in this case the usual relations of perfect plasticity
are valid.

For dy/dt = 0, Equation (3.15) again indicates that © =y, and from
(3.8) we see that the usual relations of perfect plasticity are valid,
with the yield stress m = k; + k,. It is interesting to note that
dy/dt = 0 only for 6 =y, and if 8 # y then it is always dy/dt # 0. The
quantity y, in general, tends to coincide with 8, and the closer y
approaches 6 the smaller is dy/dt. This fact was illustrated previously
by the use of the kinematical model.

If the connections between the elements with solid friction are rigid,
i.e. ¢ =0, then Equation (3.5) shows that e = Kyje From (3.14) and
(3.15) we again obtain & = y and the basic re{ations reduce to those for

perfectly plastic solids with the yield stress m = k; + k,.

Finally, if k&, = 0, then o, . = Sije and the relations of an ideal
elastic-plastic solid are valié.

Let us note certain characteristic aspects of perfectly plastic flow
in the presence of residual microstresses. As in the case of non-
existence of microstresses, characteristics form an orthogonal system,
but the Hencky theorems l4] do not hold. The maximum shear stresses T,
occur not along characteristics. The lines of discontinuity of velo-
cities, according to (3.14), coincide with characteristics, as it is in
the theory of perfect plasticity without microstresses.

ax

It is easy to formulate the basic boundary value problems of Goursat,
of Cauchy, and the mixed one, and to outline numerical methods of solu-
tion. But in this case, a state of deformation is reached through a
region of hardening; therefore, it is necessary to keep in sight the fact
that the final solution depends on the history of loading.

The author is grateful to V.V. Novozhilov for indicating the idea and
for his attention.
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